SUPERIZATIONS OF 
CAHEN-WALLACH SYMMETRIC SPACES 
AND 

SPIN REPRESENTATIONS OF 
THE HEISENBERG ALGEBRA 



Abstract: Let Mq = Gq/ H he a (n + l)-dimensional Cahen-Wallach Lorentzian 
symmetric space associated with a symmetric decomposition Qq = 1} + m and let 
S{Mo) be the spin bundle defined by the spin representation p : H ~* GLr(5) of the 
stabilizer H. This article studies the superizations of Mq, i.e. its extensions to a 
homogeneous supermanifold M — G/H whose sheaf of superfunctions is isomorphic 
to A{S* (Mq)). Here G is a Lie supergroup which is the superization of the Lie group 
Go associated with a certain extension of the Lie algebra qo to a Lie supcralgebra 
g = 0Q + 0- = Qo + S, via the Kostant construction. The construction of the 
superization g consists of two steps: extending the spin representation p : f) — > 
g[ji(5') to a representation p ■ Qo ^ 0'r(*S') and constructing appropriate p(go)- 
equivariant bilinear maps on S. Since the Heisenberg algebra f)eiB is a codimension 
one ideal of the Cahen-Wallach Lie algebra go , first we describe spin representations 
of [)eis and then determine their extensions to go. There are two large classes of 
spin representations of fjeis and go: the zero charge and the non-zero charge ones. 
The description strongly depends on the dimension n + 1 (mod 8). Some general 
results about superizations Q = Qo + Qj are stated and examples are constructed. 
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Introduction 

Lie superalgebras have played an important role in modern physics since the idea 
of supersymmetry arose. Complex and real simple Lie superalgebras were classified 
by Kac (see [TT1I2D])- This classification was used in [T7] to describe superizations 
{i.e. extensions of a Lie algebra go to a Lie superalgebra = 0o + 0y = flo + Qj) 
of different fundamental Lie algebras of symmetries which appear in physics. The 
work of Nahm was important for the construction of various theories of supergravity 
(see [S]). In this spirit, the classification of superizations of Poincare Lie algebras, 
in all signatures and dimensions, has been achieved (see [Dlllll]). 
Lorentzian symmetric spaces Mq = Gq/H described by Cahen-Wallach (see [5]) 
appear in constructions of maximally supersymmetric solutions of 11-dimensional 
supergravity (see [Hl^)- In this context, some special, physically relevant super- 
ization = flg -I- 0Y of the corresponding Cahen-Wallach Lie algebra Qq — t) + m, 
dim m = 1 1 , has been considered: the action of the even part 2q on the odd part 
Ay — is a spin representation, i.e. an extension p : Qq ^ 9^w{S) of the spin 
representation p : t) ^ 2^r{S) of the stability subalgebra f). The Cahen-Wallach Lie 
algebra has the form 

go = LieiGo) ^ 2b ^ i) + m ^ E* + {E + Rp + Rq) 

where E + Mp + Mq is the decomposition of Minkowski space in direct sum of 
Euclidean space E and 2-dimensional Minkowski space with isotropic basis p, q. 
The Lie bracket is determined by a non-degenerate symmetric bilinear form b on 
the Euclidean space E. 

This paper studies superizations g = 0q -I- of the Cahen-Wallach Lie algebra, 
where the adjoint action of the even part Qq on the odd part Qj = S is given by a 
spin representation. All dimensions are considered but, due to Bott-periodicity in 
Clifford theory, the results mainly depend on dimm = n + 1 mod 8. 
The Cahen-Wallach Lie algebra go = ()eis -|- Mq is a one-dimensional extension of 
the Heisenberg algebra [}eis — E* + E + Mp determined by an outer derivation 
adq G Der K(()eis). As an important intermediate step all spin representations 
p : f)eis 0[r(<5') of the Heisenberg algebra are classified. There are two natural 
classes of such representations, which depend on the image p(p) (called the charge) 
of the central element p S f)eis: zero charge representations and non-zero charge 
representations. Their description depends on the solution of some quadratic 
equation in the even Schur algebra (which is isomorphic to M, C or H) of the 
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Cl(£^)-module So,n-i- Zero charge representations appear in all dimensions and 
are described in a unified way in Theorem 12.31 they correspond bijectively to 
suitable pairs (see Definition 12. 2p . Zero charge representations are the only spin 
representations of the Heisenberg algebra when semi-spinors do not exist, as shown 
in Theorem 12.151 In the case when semi-spinors exist, there are non-zero charge 
spin representations which are described in Theorems 12 . 161 f2 . 1 7112 . 181 12 . 1 91 in terms 
of suitable maps. In the case dim£' = 8, using representation theory of semisimple 
Lie algebras. Theorem 13.41 describe all suitable maps and we get parametrization 
of such representations. 

Note that any spin representation of the Heisenberg algebra f)eis defines an 
odd-commutative superization of f)eis, i.e. a superization with the the trivial odd 
bracket [S, S] = 0. In the case dimE — 8, Theorem 13 . 41 shows that non-zero charge 
spin representations can be extended only to odd-commutative superizations of the 
Heisenberg algebra. In the case of zero charge, Proposition 13.21 gives a description 
of a class of non odd-commutative superizations and Proposition 13.31 gives explicit 
examples. Non trivial superizations of the Heisenberg algebra have been recently 
used in theoretical physics (see [4]). 

Section m considers the extension of spin representations of the Heisenberg algebra 
to the Cahen-Wallach Lie algebra. The problem reduces to determining the image 
p(q) which satisfies appropriate commutative relations. Theorem 14.31 shows that 
zero charge spin representations of the Cahen-Wallach Lie algebra are determined 
by solutions of a fundamental quadratic equation in the Clifford algebra Cl{E). 
The problem of extending non-zero charge spin representations of the Heisenberg 
algebra is more complicated and depends on n -I- 1 mod 8. We specialize to the 
case dim E = 8 and prove that non-zero charge spin representations exist if and 
only if the bilinear form b is proportional to Euclidean metric (see Theorem 14. 5p . 
An example of such representation is given and it is checked that the obtained 
formula gives a representation in any dimension when semi-spinors exist. 
Section [5] considers superizations of the Cahen-Wallach Lie algebra. Theorem 15.11 
gives a characterization of all zero charge superizations with translational super- 
symmetry. It would be interesting to construct examples of non odd-commutative 
superizations with non-zero charge. 

There is a geometric interpretation of the procedure of superization in the frame- 
work of supergeometry. The Spin bundle S{Mo) of a Lorentzian spin manifold Mq 
defines a supermanifold M = {Mo,Am) whose sheaf of superfunctions Am is iso- 
morphic to the sheaf of sections of the exterior algebra A{S* (Mq)) of S*{Mq). 
Supermanifolds of this type are studied in [3l [121 [E] ■ Moreover if Mq — Gq/H 
is a homogeneous Lorentzian manifold and S{Mo) is the spin bundle defined by 
the spin representation p : H GLr(5') of the stabilizer H then a superization 
= 0g -I- 0Y = 00 + of the Lie algebra go = Lie{Go) = i) + m defines a structure of 
homogeneous supermanifold G/H on M (see [l9]). Here G is the Lie supergroup 
associated with the Harish- Chandra pair (Go,fl), via the Kostant construction (see 

mm)- 
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1. Preliminaries 

1.1. Cahen-Wallach algebra. 

Let (m, (•,•)) he a {n + l)-dimcnsional Minkowski space {n > 2), i.e. a real 
vector space endowed with an inner product (•, •) of signature (l,7i) = (+,— ) and 
fix a Witt decomposition 

m = E®Rj>®Rq 

with negatively defined scalar product (•, (p, E) = (q, E) = (p, p) ~ (q, q) = 
and (p,q) = 1. Let E* be the dual space of E. Denote the musical isomorphisms 

by 

\) : E — > E* , E* E 

e — > e {e,-)\E e ^ e . 

Definition 1.1. [5] Let 6 be a non-degenerate symmetric bilinear form on the 
Euclidean subspace E of the Minkowski space m. We call CW (Lie) algebra 
associated with b the Lie algebra with symmetric decomposition 

gh^i) + m^ E* E* + {E + Rp + Rq) (1.1) 

where the only non trivial Lie brackets are 

[q,e] = e\ 

[e',/] = fe(e,/)p, 
[e^q] =B(e) 

where e, f € E and B e End ^{E) is defined by b{-, •) := — {B-, ■)^^. 

Denote by fjeis^ := E* + E + Rp the ideal which is isomorphic to the Heisenberg 
algebra f)eiS{,, where the "Planck constants" are given by the eigenvalues of B. 
Therefore the CW algebra 2b can be thought as an extension of f)eiSf, by means of 
the outer derivation adq G Der K(t)eis^). Note that 

• Z(flfc) = Ep=(0b)", 

• E* and E are Abelian subalgebras, 

• [m,m] = [), 

• I) contains no non trivial ideal of 2b ■ 

The first property shows that 2b is a solvable Lie algebra and the non-degeneracy 
of b implies that Qt is indecomposable (for the definition, see [6j). 

Lemma 1.2. [5] Two CW algebras 2b, 2b' '^^^ isomorphic if and only if there exist 
an orthogonal map L G 0{E) and a real r ^ such that b = r^L*b. 

The isomorphism is explicitly given by the following map 

V'-Sb — > 06' 

p > rp 

q — > r^^q 
e L-^e 
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We fix an orthonormal i?-eigenbasis {ei, e„-i} of E sucli that 

B = diag(6,) , b,<b^ , Y,bj=n-1 (1.2) 

wfiere 6i 7^ are real numbers for 1 < i < j < n — 1 . The last assumption in (|1.2[) 
is not restrictive due to Lemma FOl We then identify the Euclidean space E with 
jgo,n-i .^^j^ere W'" is the pseudo-Euclidean vector space of signature (r, s) = (+, — ). 
For every CW algebra ^T^, denote by 

ib : E* ^ so(m) 

— ypABe (1.3) 
the isotropy representation of E* , given by the adjoint action of E* on m in g;, 
where p A e := (p, •) e — (e, •) p G so(m). Note that p A i? is an abehan subalgebra of 
the full orthogonal Lie algebra of m given by so(m) = p A E + qA E + M.p /\ q + 5o{E) . 

1.2. Clifford theory. 

Denote by 

Cl^,, = C1(R'''") T(M''^'*)/ {v(E)v + {v, v)) 
the Clifford algebra of the space W'^, i.e. the quotient of the tensor algebra T(R''''') 
by the ideal generated by all elements of the form v (g) v + {v,v) (u e R'"'*). It is 
a Z2-graded associative real algebra Clr,s = Cl° + CI;'; ^ and we denote by a its 
parity automorphism 

"lci»,, = (-l)'Id £€{0,1} 
There exist natural embeddings W'^ C Cl^.s and 

so(M'"''*) = so(r, s) ^ Clr,s , V A w 1-^ ■^[v , w] 

Denote by 

: Clr,s End K(S'r,s) (1-4) 

the real spin representation, i.e. Sr,s is a real irreducible Clf.,s-niodule. It is known 
(see [16]) that every Clifford algebra admits at most two inequivalent irreducible real 
representations. These representations are equivalent when restricted to so(r, s). If 
the so(r, s)-module Sr,s is reducible, it decomposes into a direct sum 

Sr,s = Sj.,, + S^,, (1.5) 

of irreducible so(r, s)-modules which are called semi-spinors. As for the notation, 
for every c € Clr,s, the Clifford action Pr,s{c) is denoted by c- or, sometimes, by c, 
where the dot is omitted when the action is clear from the context. 

Definition 1.3. [1] A so(r, s)-invariant bilinear form F S Bil M{Sr,sy°^-^'^^ on the 
spin module Sr.s is called admissible if it has the following properties: 

1) Clifford multiplication v- is either F-symmetric (r = +1) or 
F-skewsymmetric (r = —1), 

2) F is symmetric (cr — +1) or skew-symmetric (cr = —1), 

3) If the so(r, s)-module Sr.s is reducible, then S^^ are either mutually or- 
thogonal (i — +1) or isotropic (t = +1). 

The three invariants r, ct, t G {-1-1, —1} defined above are called type, symmetry and 
isotropy of the admissible bilinear form F. We denote by Bil M{Sy^^~^ the space 
of admissible bilinear forms with ra ~ — 1 . 
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[T] proves that it is possible to canonically choose an admissible h E 
Bil wiSr.sY"''^'^'' and that Bil RiSr.sY"'-^''''' has a basis of admissible bilinear forms. 

Definition 1.4. [1] A so(r, s)-invariant endomorphism C G End R(S'r,s)^'' of 
the spin module Sr,s is called admissible if it has the following properties: 

1) Clifford multiplication v- either commutes (r = +1) or 
anticommutcs (r ~ +1) with C, 

2) C is ^.-symmetric (ct = +1) or /i-skew-symmetric (cr = +1), 

3) If the so(r, s)-module Sr^s is reducible, then either CS^ C (t = +1) or 
CS^ CS^ {l^ +1). 

The three invariants T,a,L £ { + 1, —1} defined above are called type, symmetry and 
isotropy of the admissible endomorphism C . 

The space 

Cr,s :=EndR(5,,,)="('-'^) 
is called Sciiur algebra and has a basis of admissible morphisms (see [T]). The 
parity automorphism 

• ^r,s ^r,s 

C -.^TiC) - C (1.6) 
is well-defined. Its +l-eigenspace, i.e. the linear subspace of endomorphisms with 
invariant r equal to +1, is denoted by 

:-{Cea,.|r(C)=+l} 

and called the even Schur algebra. It coincides with the algebra of endomor- 
phisms compatible with the irreducible representation (|1.4p . It follows that C° ^ 
is a real division algebra, isomorphic then to M, C or H. The following lemma is 
(implicitly) used quite frequently. 

Lemma 1.5. [16j The volume form wo.m = ei • • • e„i G Clo,r?i belongs to the center, 
i.e T(wo.m) = 1 (resp. twisted center, i.e T(wo.rn) = ^Ij of the Clifford algebra 
do,m ifrn is odd (resp. even). Then, in both cases, it commutes with the even part 
CIq m o/Clo.m- Moreover it satisfies 

2 _/(-!)" if m=3,4 (mod 4) 
^0'™ ^ \(-l)"+i if m=l,2 (mod 4) 

1.3. Extending the Cahen-Wallach algebra. 

In the following definition go is a Lie algebra which can be either the Heisenberg 
algebra 

(jeiSfe = E* + E + Rp 

or the CW algebra 

2b ^ + m ^ E* + (E + Rj> + Rq) 

and 

p,pi„ : Cl(m) ^EndR(5) (1.7) 

is the real spin representation S = Si^n of the Clifford algebra Cl(m) = Cli_„ of the 
Minkowski space m. 

Definition 1.6. A representation p : Qq 2^s.{S) is called spin if 

i) P\E' = Pspin o ifa 
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where Lb is given by ()1.3|) . A spin representation p : go ^ 9^r{S) has zero charge 
if p(p) = 0. A Lie superalgebra (g = 0o+ 0T' [''■]) called a superization of go if 

i) 00 = 00, 
a) 2t = s, 

Hi) The adjoint action of Qq on Qj is a spin representation. 

A superization g = gQ + is called odd-commutative if [g-, g-] = 0. A superiza- 
tion of a CW algebra is said to have translational supersymmetry if [S, S] C m. 

For technical reasons, in the case of zero charge spin representation of the CW 
algebra, the condition p(m) C p5pin(Cl(m)) is implicitly assumed. Relation 



P0pin(p A e) = ^P£,pm([p, e]) = ^Pspin(pe) 



implies that 



Pspin(p A e) o p5pin(p A /) ^Pspin(pep/) = " ^Pspin (ppe/) = . 
In particular every spin representation restricted to E* is two-step nilpotent. 
1.4. Spin representation in Lorentzian signature. 
1.4.1. Model of C\{m) -module. 

The irreducible Cli,„-module (|1.7p can be described in terms of the irreducible 
Clo,n-i-niodule 50,71-1- The fixed Witt decomposition 

m = Ri^" = M^^i e R°'"-i = (Rp + Eq) -h £; 



induces a Z2-graded isomorphism of Z2-graded algebras (see [T]) 

Cli,„ ^ Clia®Clo,„-i = R(2)(^Clo,„-i 

where R(2) is the algebra of real 2x2 matrices and ® stands for the graded tensor 
product of Z2-graded algebras. This isomorphism is defined on generators as 

Cli,„ 3 Ri'" = Mi'ieR°'"-i 9 t;i,i+wo,„-i — > 'yi,i(^l-hl®'yo,n-i e Cli,i(^Clo,„-i. 

The decomposition of the irreducible Cli.i-module Si^i = = + into 
semi-spinors induces a decomposition of = S'i,„ given by 

S = S'l,l®S'o,«-l ^ S"!^! S'o.n-l + (g> SQ,n-l S- + S+ (1.8) 

where S'lp is linearly isomorphic to S'o.n-i. The last equalities of (jl.Sp . in contrast 
with the first one, are of vector spaces and not of Cli,„-modules, more precisely, 
(|1.8[) is not the decomposition of S into semi-spinors. To indicate this, we use low 
indices. Write an element Q = Q- + Q+ of (|1.8p as the column 

Q- 

and use matrix notation for endomorphisms. If we decompose R"'^'"'^ = Rp © Rq = 
N © A^* with q(p) := 2 (q, p) = 2, then the spin module 5*1 _i is identified with the 
exterior algebra 

Si,i = AAT = Mp © Ml = Si^i + 5-+! 

and the action of the Clifford algebra Cli.i = R(2) is given in terms of exterior 
multiplication e(p) and interior multiplication t(q) as follows 

Pi.i : Cli,i ^ End r(S'i,i) , p e(p) , q -i(q) • 
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1.4.2. Restriction of the spin representation p : Cl(m) — > End vl{S) to the commu- 
tative subalgebra Lb{E*) C so(m) C Cl(m). 

Proposition 1.7. With respect to decomposition the image under the repre- 

sentation jj.Tp o/pAeGpA-EC so(m) is given by 

, , , fO V2e 
PspmlP Ae) ( p 

where e € E acts on So,n~i by Clifford multiplication of a vector with a spinor. 
Proof. With respect to the basis |p :— 1 := l| of 5*1 i, we have 

Pm(p)=(o , PM(q)=(_^ 

Decomposition (|1.8p is given by 

5 = (Mp' (g) S-cn-i) + (Ml' ® ^cn-i) := S-+S+ . 

Equation 

Cli,„ 9 ipe ^ i(p (g) 1)-(1 (g) e) = i(p ® e) e Cli,i(g)Clo,„-i 
impHes that /3spin(ipe) sends 

P ^SO^n-l >0 , 1 «)So,n-l > i(2\/2p ) (g e • So,n-l 

for every so,n-i e S'o,n-i- □ 

The foUowing corollary is a direct consequence of Proposition 11.71 and equation 
Ol). 



Corollary 1.8. The image, under a spin representation p : f)eiS;, — *■ 0[r(S') of the 
Heisenberg algebra l)eis^ = E* + _B + Rp, of e^ £ E* is given by 

p(e^)=(S (1.9) 

where Be G E acts on 5o,n-i by Clifford multiplication of a vector with a spinor. 
For the sake of completness, recall that 
Cli,i(gClo^„-i = M(gClo,„-i +Kp(gClo,„-i +Mq(gClo,„-i + Mpq(gClo,„-i 

and 

P.pm(l®c)=( y \ , p,pi„(p(gc) = ( ^ I 

J) 0^ . . ... ^ .^ _ ^2a(c) 

V2 



for every c £ Clo,ri-i- 
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1.5. Aim of the paper. 

The goal of the paper is to give a description of superizations g = 00 + 0T = 06 + 
of the CW algebra 2b with translational supersymmetry. We find general results 
when the charge is zero and we prove that this is always the case if there are 
no semi-spinors. When semi-spinors exist, we give examples of odd-commutative 
superizations with non-zero charge. In particular we obtain a description of 

(I) Spin representations p : t)eiSf, —> StC'S') of the Heisenberg algebra f)eiSf,, 
(II) Zero charge spin representations p : 0b — > glRCS*) of the CW algebra gb, 
(III) Bilinear maps 

T:Sy S^R 

invariant by zero charge spin representations p : Qt ^ 9^r{S)- 

The discrepancy between (III) and the hypothesis of translational supersymmetry 
is only apparent. Indeed denote by [•, •] : S* V 5 — > m the bilinear map which 
gives the Lie bracket between two odd elements Q,Q £ S of a, superization with 
translational supersymmetry. By abuse of notation, denote by 

p(g,Q) , q(g,Q) , e,(Q,g) 

the corresponding components of [(3,Q] G m, i.e. 

[Q, Q] p(Q, g)p + q(g, g)q + J2 Q)e^ ■ 

i 

Lemma 1.9. Let q = Qt + S be a superization with translational supersymmetry of 
a CW algebra = () + m. Then [Q, Q] = p(g, g)p e Mp. 

Proof. The equation 

m 3 H QIQ] + [Q. h Q]] = [q, [Q. Q]] = E ^^(Q' e f) 

i 

implies that ei{Q,Q) = for i = 1, 7i — 1 and hence that [S, S] C Rp + Mq. From 
this and the equation 

Rp + Rq9 [K^g],g] + [s,[e^g]] = [e\,[Q,Q]]=qiQ,Q)[e\,q]& E 

it follows that q(g, Q) =0. □ 

2. Spin representation of the Heisenberg algebra 

This section deals with (I); it describes the general structure of spin representa- 
tions of the Heisenberg algebra, specializing it to the various dimensions. Results 
strongly depend on dim(£') = n — I (mod 8). This fact relies on the structure of 
the even Schur algebra which can be R, C or H. Moreover we show that non-zero 
charge spin representations exist if and only if semi-spinors exist. By a representa- 
tion p : f)eiSb — > g[^(5') we will always mean a spin representation, i.e. an extension 
of (|1.9p to the Heisenberg algebra. 
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2.1. The image of the spin representation. 

This subsection starts the study of all (spin) representations of the Heisen- 
berg algebra. The problem is reduced to a system of quadratic equations on the 
real division algebra Cq „_i (plus one extra-condition), whose solution will be the 
central point of next subsections. 

Lemma 2.1. The images, under a representation p : t)eiBj Ql-j^{S), o/ p G f)eis 
and e G E are of the following form: 

where pi2 S End m(5o,„_i) and pn, pi2, P22 e Horn k(-B, End r(S'o^„_i)) satisfy the 
following conditions 

&(/,e)(P^'o^+) -x/2(^-^"(')^^-%+^^-^22(")^+) (2.1) 
/pi2P22(e)Q+\ ^ /pii(e)pi2Q 

I y I 



(2.2) 

[p(e),p(/)] = (2.3) 



for every f d E. 
Proof. Denote by 



VP21 P22/ V^21 622 

the images under p of p and e G / is an element of E. Equation [/^p] = 
implies that 



which is equivalent to 

'pnBf ■ Q+\ ^ (Bf ■ ip2iQ- + P22Q+)' 
^P2iBf-Q+J { 

for any f G E. It follows that p2i — and 

Pii ° /• = / ■ o P22 , P22 o /■==/• o Pii (2.4) 

for any f G E. The equation b{f, e)p = [/'', e] implies that 

b(f, e) fP"^- + Pi2Q+\ ^ ^ f-eiiBf ■Q+ + Bf- esiQ- + Bf ■ e22Q+ 
V P22Q+ / V -621-8/ • Q+ 

for any e, f G E. For every e, f E E such that b{f, e) = 1, it follows that 

pii = \/2Bf • o 621 , P22 = -V2e2i o Bf ■ 
For every Bf G E such that [BfY = 1, this equation, together with (|2.4p . implies 
that P22 = V^e2i o Bf - = and pn = 0. Therefore 621 = for all e G E. The 
equations jM]), follow from [p, e] = and [e, /] = 0. □ 

Equations (|2.ip and (|2.2p are explicitly solved case by case and their investiga- 
tion is equivalent to solving some quadratic equations on the real division algebra 
^o.n-i- Then it is possible to reduce the extra condition p.3p . Equations p.ip 
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and (|2.2p are re-written, in terms of the orthonormal basis of E, into a system of 
three equations: 

= e., • o p22(ej) - Pii(ej) o • V I j <n-l (2.5) 

= ej ■ o p22{ej) - pii{ej) o Cj ■ Vl<j<n-1 (2.6) 

Pi2 o P22(ej) = pii(ej) o pi2 yi<j<n~l (2.7) 

The next subsections are dedicated to finding the solutions of this system, together 
with the extra-condition (|2.3p . The following notion of suitability is useful to de- 
scribe them. 

Definition 2.2. Let pii,p22 G Hom r(£^. End 8(50, „-i)) be fixed. A map 

pi2 e Hom m{E, End r(S'o,„-i)) 
is called (pn, p22)-suitable (or, by abuse of notation, suitable) if the bilinear map 

E(g)E ^ End M{So,n-i) 

e® f ^ Pii{e) o pi2{f) - Pi2{f) o /022(e) (2.8) 

is symmetric. A pair 

(pii,Pi2) eHomK(£;,Co,„-i)0HomR(£;,EndK(5o,„-i)) (2.9) 
is called suitable if [pii{E), pii{E)] = and it holds (|2.8p with p22 ■— PiT- 
The vector space 

Hom R(£',End r(S'o^„_i)) 

has a natural structure of so(i?)-module. Whenever the two linear maps pu, P22 
are so(-E)-invariant, the subspace of Hom R(iJ, End ^(5*0,71-1)) which consists of 
[pii, /922)-suitablc maps is so(i?)-stable. In this case, using representation theory of 
semisimple Lie algebras, it is possible to determine all (pii, p22)-suitable maps. An 
example of such description, for the non-zero charge case with dimE = n — 1 = 8, 
is given in subsection 13.21 

Suitable pairs are more difficult to study. For example pn € Hom R(i5, Co,n-i) is 
not so(i?)-invariant if it is not zero. Moreover, suitable pairs depend on the choice 
of an Abelian Lie subalgebra of the Schur algebra Co,n-i- 

2.2. Zero charge representation. 

We show that zero charge spin representations are in bijective correspondence with 
suitable pairs. 

Theorem 2.3. Every suitable pair 112. 9\} defines a zero charge representation p : 
tjcxSf, -> 0[r(5) given by 

p(^) = [o j ' ^(p)=(,o oj ' P^'^^y mie)) ^^-^^^ 

Moreover every zero charge representation of f)eis is of this type. 
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Proof. It is easy to sec that p.lO|) is a representation. Vice versa, since the charge 
is zero, the three equations (12. 5p . ()2.6I) . ()2.7p reduce to 

• o P22{ej) = Pii(ej) o 

for any l<«,i<n— 1. Equation 

SiCk ■ o Pii(ej) = fii • o P22(ej) o e^- = pii(e-,) o e^Cfe- 

imphes that the hnear map pn e Hom R(i?, End R(S'o,n-i)) takes values in the 
Schur algebra Co,n-i and that p22 = pTT- The condition of suitability is then 
equivalent to the extra condition [p{E),p{E)] — 0, if we remark that 

[pn{E),pn{E)] = ^ [-pTT{E),-pTT{E)] = . 

The theorem is hence proved. □ 

The next two subsections contain some special results about spin representations 
in Euclidean signature which we will use to solve the system of three equations (|2.5p . 
(1^ . (EH). 

2.3. Spin representation in Euclidean signature. 

Let us fix a 1 < t < n — 1 . The isometric embedding 

RO.n-2 ^ j^O,n-l 
(xi , . . . , Xi— 1 , Xt-f 1 , . . , Xji— I ) 5- (xi, X^_x, 0, Xi^j^i , . . , Xji— I ) 

given hy Xl — gives rise to a canonical embedding of Clifford algebras 

Clo,n-2 ^ Clo,n-l 

which is explicitly given by 

(ei, .., et_i, e't, e^+i, .., e„_i) = Clo,n-2 C Clo,n-i = (ei, .., e^-i, e^, e^+i, .., e„_i) 
This subsection studies the spin representation 

PQ.n~l '■ Clo,n-l > End R(S'o,n-l) 

restricted to the even part CIq „_2 of Clo.n-2, i-e. it studies the injective map 

Po,n-i|ci°_„_2 : Clo_„_2 — > End a(5o,„_i) (2.11) 
The goal of this subsection is to give a description of the vector space 

EndK(5o,„-i)^'«."-^ 

of linear endomorphisms of 5o.„_i invariant by (j2.11|) . The representation (|2.1ip is 
not irreducible but is the sum of two irreducible representations. Indeed consider 
the following involution of 5*0, n-i 

Gt- : S'o.ri-l — > »S'o,„-l 

and the projection operators tt^ := i(Id±et-) which satisfy 

7r++7r"=Id , (7r='=)^ 77=*= , tt+tt" = 7r"7r+ = . 

The ± 1-eigenspaces 7r*S'o,,i_i of e,,- are obviously Clg „„2-invariant and, for di- 
mensional reasons, they are irreducible. The CIq „_2"niodule (|2.1ip decomposes as 
direct sum 

So.n-l — 7I'^<5'o,n-l ® TT^S'o^n-l (2-12) 

of CIq „_2-irreduciblc modules. We prove the following 
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Theorem 2.4. Let ip E End R(5o,n-i)'~"'° ""^ be a Clg „_2"*'^^^''*'^'^^ endomorphism 
of So n-i- Then, with respect to decomposition 

fa I 

where a,b,c,d G Cqk-i '^''^ uniquely determined and (j> : S^^_-^ ^a^n-^i given 
by 

Po.«-i('^o,n-2) if 11-1 = (mod 2) 
J if n - 1 = 3, 7 (mod 8) 

if n - 1 = 1,5 (mod 8) 

where aJo.n-2 G Clo.n-2 is the volume form o/Clo.n-2 ^ Clo,n-i and J G Co,n-i is 
a complex structure i/ n — 1 = 3 (mod 8) or a para-complex structure if n — \ = 
7 {mod 8). 

About the existence of such J see subsection 12.41 The proof of Theorem 12.41 is 
an immediate consequence of the following four propositions. 

Proposition 2.5. // n— 1 = (mod 2), the irreducible C\q j^_2-modules 
7r^5o.ri-i are equivalent. An equivalence is given by the following automorphism of 

where wo,n-2 € Clo,n-2 is the volume form o/Clo,n-2 '~= Clo,n-i- 



Proof. It is a straightforward consequence of the first part of Lemma 1 1.51 □ 

In the odd-dimensional case, the above method does not carry over as the volume 
form LUo,n-2 does not commute with the projection operators. 

Proposition 2.6. // n— 1 = 3 (mod 4), the irreducible C\q j^_2-modules 
7r*5o,ri-i are equivalent. An equivalence is given by the following automorphism of 

So,n-l 

A complex structure J G Co,n-i if n — I = 3 (mod 8), 
A paracomplex structure J G Co,n-i if n — 1 = 7 [mod 8) 

Proof. In both cases the endomorphism J G Co,ra-i is an element of the Schur 
algebra Co, n-i with invariant t(J) = —1 (see [1] and subsection l2.4|) . In particular, 
it anticommutes with e^- and commutes with CIq „_2. Note that the twisted center 
of the Clifford algebra Clo,n-i is trivial (see jlO]). It follows that the equivalence 
J can not be represented as an element of Clo.n-i. □ 

Proposition 2.7. // n— 1 = 1 (mod 4), the irreducible C\q ^^_2-modules 
7r*5o,n-i are not equivalent. 

Proof. It follows from injectivity of (|2.1ip and from the fact that CIq „_2 is a 
semisimple matrix algebra. □ 

The previous propositions imply that 

fa I 

where a, 6 G End (7r+S'o,„-i)'^'o'"-2 and c, d G End {n~ So^n-i)'^^"-'^-^ are uniquely 
determined. To complete the proof of Theorem 12.41 we need the following 
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Proposition 2.8. The linear map 

CoVi^End (7r±5o,„-i)^'«— 

C^C\,±So.,.-. (2.13) 
which sends an endomorphism C G Cq„_]^ to its restriction to 7r*S'o,„_i is a linear 
isomorphism. 

Proof. The map is well-defined because every C € Cq .^_i commutes with the 
projection operators and with C1q„_]^. It is injective; indeed consider a non-zero 
element C G Cg „_i = M, C or H and suppose, for example, that C|^+5(j^_j=0. 
Then C is not invertible, which is absurd. Surjectivity follows by an investigation 
case by case which is worked out in the next subsection. □ 

The reader who is not interested in the proof of the surjectivity of map (|2.13[) 
and in the description of the (even) Schur algebra depending on dim E = n — 1 
(mod 8) can skip temporarily the next subsection. 

2.4. The real division algebra Cq„ j^. 

This subsection describes the (even) Schur algebra in Euclidean signature. 
This provides the details missing in the proof of Proposition 12.81 and the back- 
ground for all the main theorems on spin representations of the Heisenberg algebra 
proved in later sections. This information follows from [T], where an admissible 
basis of the Schur algebra Co_„_i is constructed. In the following table, using 
the notation from p], we indicate when the basic element is proportional to the 
volume form lo G Clo,n-i. In this case, the invariant r is given in Lemma 11.51 In 
the opposite case, we indicate the value of the invariant r G {+1, — !}• 



Table. The value of r for the admissible basis of the Schur algebra. 



n — l(mod 8) 




no 


Id 


/ 


J 


K = IJ 


E 


EI 


EJ 


EK 







M 


+ 1 








LU 








1 


K 


M 


bJ 
















2 


c 


M 


+ 1 




LU 












3 


H 


C 


+ 1 


— CJ 


-1 


-1 










4 


HeH 


H 


+ 1 


+ 1 


-1 


-1 


LU 


-1 


+ 1 


+ 1 


5 


H 


H 


LiJ 


+ 1 


+ 1 


+1 










6 


C(2) 


H 


+ 1 


+ 1 


+ 1 


+1 


-1 


LU 


-1 


-1 


7 


M(2) 


C 


+ 1 


—to 


-1 


-1 











The classification of Clifford algebras in [T6j provides the type (real, complex, 
quaternionic) of the irreducible representation of Clg „_2 = Cln_3,o. This deter- 
mines the real division algebra End (vr^So.ri-i)*"^'"'""^ and completes the proof of 
Proposition 12.81 [1] proves that, in the case n — 1 = 7 (mod8), the automorphism 
J is a para-complex structure satisfying {/, J} = 0. 

2.5. Quadratic equations on the real division algebra Cq„_]^. 

With the help of Theorem [13 equations (^3)) . (|^ . (PTT]) are re- written 
into some quadratic equations on the real division algebra Cq Whenever the 
even Schur algebra is quaternionic, we have a system of quadratic equations on 
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H whose solutions have been worked out in subsection 12.91 As for the notation, 
for every complex number c — a + ib, the imaginary part Imc := ib is defined 
like for quaternions. For any fixed 1 < l < n — 1, equation (|2.5p implies that 

Pii(eO e End a(S'o,„-i)^'«."-2 3 P22(eJ 
Due to Theorem 12.41 we can identify 

with respect to decomposition ()2.12|) . We introduce the following new variables 

h{ := (a,, - d,) , := (b, + c,) , /i^ (a, + d,) , /i^ := (c, - b,) (2.14) 

which are elements of the even Schur algebra Cq The following two propositions 
give solutions of equations (|2.5p and (|2.6p . 

Proposition 2.9. //n — 1 = (mod 2), f/ien /922(e,,) and pii(et) satisfy \2. 5\) if 
and only if there exist elements (2A^ of the even Schur algebra Cq „_]^ such that 

2/322(eO = ^Id+/iie, + (-l)'+i/i^etCJo,n-i + (-l)'7i:iCJo,n-i 

and 

2pii(e0 = h'^U-h'^e, + (-l)'+i/i^e,,wo,n-i - {-lYK^^o,,,^! 
Equation i2. 6\) is satisfied if and only if 

In particular 

h, := h\ e Cl,,_, , /i2 := (-ir^/i^ e Co%_i 
do noi depend on 1 < t < n — 1 . 
Proof. The action of 2/922 (ej sends 

so,n-i = 7r+so,„-i + 7r"so,„-i = -(Id +eJso,n-i + ^ (^^ -ejso.n-i 

into 

at(Id+eJso,n-i+^'tt^o,n-2(Id-et)so,«-i+CtCJo,«-2(Id+et)so,„-i+d,(Id-et)so,n-i 
which equals to 

a(,So,„-l + a,e,So,n-l + 6tt^O,r!-2SO,ri-l - (-l)''&(WO,ri-lSo,n-l + 
t^tSO,ra-l - dtCtSo^n-^l + C, Wo,ri-2So,ri-l + (-l)'Ct 

^0,71 — 1-^0,71 — 1 

Equations (|2.5p and (|2.6p immediately imply the other results. □ 
The proof of the following proposition is similar and is omitted. 

Proposition 2.10. If n — 1 = 3 {mod 4), then p22{e^) and pii(et) satisfy 112. 5\) if 
and only if there exist elements {2.1^^ of the even Schur algebra Cq such that 

2/022(e.) = /13 Id +h\e, + hy + h\J o e, 

and 

2pii(et) = /13 Id — /I'lCt — /12 J + h\J o Ct 
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Equation S2. 6\) is satisfied if and only if 

Co,„-i9^-/iiid-;i^j 

In particular 

hi := hi e Cq „_i , hi :— h''^ £ Cp^n-i 
do not depend on 1 < t < n — 1. 

The following two theorems, together with the previous propositions, reduce the 
solution of the system of three equations to a system of quadratic equations on the 
even Schur algebra Cq when n — 1 = (mod 2) and n — 1 = 3 (mod 4). In the 
following proposition m G N. 

Theorem 2.11. Let l<i,<n~lbe fixed. Whenever n — I = 2m, a pair 
(Pii(et)j P22(et)) which satisfies 112. 5\} and \2. 6\) is a solution of \2. 7[ ) if and only if 

[ [^,/i^] + (-ir+i{/ii,/iU = o 
{h{f + {-ir+\h^,f = Q 

[{hlh^,} + [h'„h^,]^0 
where h'^, .., h^ are elements of the even Schur algebra Cq given by ^2.14^ . 
Proof. Equation (|2.7p is equivalent to comparing 

[/liId+(-l)'+^ft.>0,2m] O [^3 Id+ft-ie, + ft.2'^0,2m-l + (- l)''/l4'^0,2m] 

with 

Id -h^e, + /l2Wo,2m-l - (-l)'/l4'^0,2m] ° M Id +(-l)'+^/l>0,2m] ■ 

The left hand side of the equation equals to 

h'lhii Id+ih'i fe, + /li/l>0,2m-l + (-l)'/ii/i4'^o,2m 

+ (-l)^+i/i^/i^c^o,2™ - /i2/iWo,2m-i + i-ir+^h'.fe, + (-l)'"+i/i^/i^Id 
while the right hand side is 

h'^h'ild-ih'ife, + h'2h'iUJo,2m-i - (-l)'/i4'iWo,2m 

-(-l)'/l^/l^Wo,2m - /ii/i>0,2m-l " {-1}"'+'^^ 6, - (- 1 Id 

Examining (anti)-commutativity of the various terms with respect to and ei 
{i ^ l), the theorem follows. □ 

If n — 1 = 3 (mod 4), the even Schur algebra Cq is isomorphic to C = M + JM. 
In this context 

: C ^ Cq Cq = C 

denotes the usual notion of conjugation (which can not be confused with (|1.6p 
because (|1.6p is the identity, when restricted to the even Schur algebra Cq „_]^). 

Theorem 2.12. Let \ < l < n — \ be fixed. Whenever n — 1 = 3 (mod 4), a pair 
(p\\{,^i)T PTiifii)) which satisfies \2. 5|j and \2. 6\) is a solution of \2. 7| ) if and only if 

h'^hl e m 
{h{r = J'-K\' 
h'2 Re{h\) + h'^Imihii) = ^ ' 

h\h'^ - h'lh'i = 

where hi, .., are elements of the even Schur algebra Cq „_2 = C given by \2.14^ . 
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Proof. Equation (|2.7p is equivalent to comparing 

[h{ Id -h^J] o [/i^j Id +h{e, + h'^J + KJ o e,] 



with 



[h'^ Id ~h\e, - hy + h^J o e,] o [/i'^ Id -/i^] . 



The left hand side of the equation equals to 

h'^h'^ld+ih^f e. + h^h'^J + h\h\J oe,- h'J^J - h'-J^Jo e,-J^o h'Ji^ Id - o h'Ji^e, 

while the right hand side is 

h'y,h\ld-{h{Ye,-h'^^J+{h\)W^Joe-h'^h^^^ 

□ 

Remark 2.13. In the case of zero charge, equations p.lSp and p.l6p are trivially 
satisfied. 

In the remaining case n — 1 = 1 (mod 4) it is proved that any representation has 
zero charge. 

Theorem 2.14. Ifn— 1=1 (mod 4), then every representation of the Heisenberg 
algebra has zero charge. 

Proof. The endomorphisms P22(et) and pii(ej satisfy (|2.5p if and only if there 
exist elements (j2.14p of the even Schur algebra Cq „_]^ satisfying 

2p22(eJ = /iljId+Zi'ie, , 2pii{e,) ^ h'^ld-h^e, . 

Equation (|2.6p is then satisfied if and only if ^ = h\ Id. Equation (|2.7p implies 
that 



from which the assertion of the theorem follows. □ 

The solutions of the systems ()2.15p and (|2.16p are worked out, case by case, in 
the next two subsections. We first analyze the case of irreducible so(m)-module S 
and then the case when semi-spinors appear. 

2.6. Case of irreducible spin module S. 

When semi-spinors do not exist, a spin representation of the Heisenberg al- 
gebra has necessarily zero charge. Indeed, the following theorem holds. 

Theorem 2.15. If dhnE = n — I = 1,2,3,5 {mod 8), then every representation 
of the Heisenberg algebra has zero charge. 

Proof If n - 1 = 2 (mod 8), system (I^T5)) reduces to h[ = ^ h'^. If n - 1 = 3 
(mod 8), system (|2.16p reduces to h\ — h"-^ — 0. If n— 1 = 1, 5 (mod 8), the theorem 
has been proved in Theorem 12. 141 This completes the proof of the theorem. □ 

These are precisely the dimensions for which semi-spinors do not exist. When 
semi-spinors exist, we show the presence of non-zero charge representations. 
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2.7. Case of reducible spin module S. 

Non-zero charge representations p : f)eiS(, 9^r{S) of the Heisenberg alge- 
bra are described in terms of elements 

hi, h2, /l3, ^4 

which are either elements of Cq or linear maps from to Cg In the following 
four theorems, the map 

pi2 e Hom m{E, End r(S'o,„-i)) 
is a suitable map (see Def. 12. 2p . 



Theorem 2.16. Ifn~l = (mod 8), every non-zero charge representation of the 
Heisenberg algebra is given by 

, , _ 1 /ft,3(e) Id — /lie ± ft-iei? 2pi2{e) 
^^'''~2\ /13(e) Id +/iie±/iie£: 

where /ii G M satisfies hi ^ Q and h^ G Hom k(£^,R). 

Proof. System (I2.15P reduces to 

hl = hl 
{/ii,/iU = {/i2,/iU = 



where Cg „_i = R. The extra condition (|2.3p is equivalent to suitability of pi2- 
Proposition 12 . 91 then implies the result of the theorem. □ 



Theorem 2.17. Ifn — 1 — 6 (mod 8), every non-zero charge representation of the 
Heisenberg algebra is given by 



Pie) = \ 



/ /13(e) Id -/iie+ 2pi2(e) \ 

+h2eEI + h4{e)EI 

/13(e) Id-h/iie-h 
\ +h2eEI - h4{e)EI J 

where either /12 G H satisfies Im /12 7^ and 

J/13 G HomR(i;,H) I dimCoker(Im/i3) < 1 or ImhsiE) =^ (lmh2)^ 
j/ii(/i2,±)=±(|Im/i2|-Re/i2^) ; /^,4(fe2,fe3,±)(e) = ± ^'""|y„X^^^^^ 

or /ii G H satisfies Re /ii = 0, Im hi ^ Q and 

J/i3 G HomR(i;,H) I dimCokcr(Im/i3) < 1 or luYhi{E) = {liahi)^ 
\h2{hi,±)=±\lu,hi\ ■ /,4(/,i,/,3,±)(e)=^lHliigHM£) 

Proof. The system (I2.15P is solved in Lemma 12.211 The condition of non-zero 
charge is given by hi ^ and /i2 ^ (see Proposition l2.9p . Suppose that 

hi - h{ - ±(| Im/i2| " Re/i2^^^) 

Im /lo 
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where ± e {+1,-1}. Lemma [2.211 implies that 

,,,, , , ,,,1, , , , , Im /iT X Im /lo Im/ioxlm/i^ 
(-1)^+1/1^ = ±(-l)'+i(-l)'+i I ^ = ±- 



P(e) = \ 



|Im/i2| |Im/i2| 
Suppose that 

(-l)'+i/i2 /i2 = ijlm/iil 
where ±t £ {+1, —1} depends on 1 < i < n — 1, while (— 1)'^+^±,, := ± does not. 
Lemma [2.211 implies that 

|Imft,i| |Im/ii| 

The extra condition (|2.3[) implies suitability of pi2 and 

[/13(e), /i3(/)] = [/'^(e), /i4(/)] , [/i3(e), /i4(/)] = \h^{!), /14(e)] (2.17) 

Equations (|2.17p imply the stated conditions on the map Imft,3 g Hom R(i?,ImH) 
(details left to the reader). Proposition 12.91 then implies the result of the theorem. 
□ 

Theorem 2.18. Ifn—1 = 4 (mod 8), every non-zero charge representation of the 
Heisenberg algebra is given by 

.(P) = v^(° "■<'f^') 

/ /13(e) Id -/iie+ 2pi2(e) \ 

±hieE ~ hi{e)E 

/13(e) Id +hie 
\ ±hieE + hi{e)E J 

where either /ii G H satisfies Re hi ^ Q and 

'/i3 e HomK(£',H) I dimCoker(Im/i3) < 1 

1/1 I u \/ \ _^ Im /ii xlm /13(e) 

/i4(/ii, ±, /i3)(e) = T 

or /ii G H satisfies Re /ii = 0, Im /ii 7^ and 

hs = {hf,q^) G HomR(£;,C) 
hi G Hom r(£;,R) I Ker (/14) = Ker (hf) if /if 7^ and /i4 7^ 

In the second case, the codomains of h^ and /13 are respectively identified with a 
1-dimensional imaginary subspace of (Im/ii)^ and with 

I Im hi I 

Proof. The system (12. 15^ is solved in Lemma [2.221 We proceed similarly to the 
proof of Theorem 12.171 Proposition 12.91 then implies the result of the theorem. □ 

Theorem 2.19. Ifn—1 = 7 (mod 8), every non-zero charge representation of the 
Heisenberg algebra is given by 

/ X !_ //13(e) IdT|/i4|e + /i4^ o e 2pi2(e) 
^^^'^2\ /13(e) Id±|/i4|e + /i4Joe 

where /i4 G C satisfies /i4 7^ and h^ G Hom k(£^,R). 
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Proof. The second and fourth equations of system (|2.16|) imply 

where G {+1, ~1} depends on 1 < l < n — 1. The condition of non-zero charge 
is given by (see Proposition 1 2 . 1 Op . The first and third equations of (|2.16p 



are then reduced to 



'41 

The extra condition [p{E) , p{E)] = impUes suitabiUty of pi2 and Im /13 = (details 
left to the reader). Proposition 12.101 then implies the result of the theorem. □ 

2.8. Summary. 

We give a brief summary of the results obtained in this section. We have studied 
all possible spin representations of the Heisenberg algebra fieis^ = E* + E + Mp. 
Zero charge representations appear in all dimensions and are described in a 
unified way (see Theorem 12. 3p . They correspond bijectively to suitable pairs (see 
Definition 12. 2p . Zero charge representations are the only spin representations of 
the Heisenberg algebra when semi-spinors do not exist (see Theorem I2.15P . When 
semi-spinors do exist, all non-zero charge spin representations have been described 
in terms of suitable maps (see Theorems I^IB \TT7[ UIM UT^i . 

2.9. Solution of some quadratic equations on H. 

In this subsection we give solutions of some quadratic equations with quaternionic 
coefficients, which have been used in the case n — 1 = 6,4 (mod 8) in Theorem 
[2T7l and [2l8l 

Lemma 2.20. 21] For every ft,, /ii, /12 G H the following formulae are true 

[ft-i, ^2] = 2(Imft,i X Im/12) 

{hi, h2] — 2(Re hi Im /i2 + Re /12 Im hi + Re hi Re ft,2 — Im fti • Im ^2) 

^ I Re ftp - llmftp -f 2ReftImft 

and fti, ft2 G H are conjugate if and only i/Refti — Reft.2, | Imft.i| = | Imft2|. 

The trivial solutions of the following two lemmas correspond to zero charge spin 
representations of the Heisenberg algebra. This explains our terminology. 

Lemma 2.21. There are three types of solutions of the following system 

'[hi,hz] + {h2,hi} = Q 
hl + hl = Q 

[/il,/l2] =0 

_{hi,hi} + [h^,h2\ = 
where hi G H for i = 1, 4. They are given by 

1) The zero charge solution fti = ft2 = 0, 

2) The family 

fti(ft2,±) = ±(|Imft2| -Re(g2)-p^^) , ft4 (^2 , , ± ) = ± ^"^ |^Inr ^27 
when Im ft.2 7^ 0, 
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3) The family 

/i2(/ii,±) = ±1 Im/iil , hi{hi , /i3, ±) = =F l^lm 7 

when Im hi ^ and Re hi = 0. 

Proof. Suppose Re hi — Reh2 — 0. The second equation of the system imphes 
that Im/ii = Im/i2 = 0, and then hi = h2 = 0. If Re hi 7^ (the other case 
is analogous), the second and third equations of the system imply that Imhi and 
Im ft,2 are linearly dependent. More precisely, 

Re /ii Im ft-i + Re /i2 Im /i2 = (2.18) 

Using (|2.18p . the second equation of the system implies that 

(1 + ^^h2\' = (Reh^r + (Rehif . 

This is equivalent to |Im/i2p = (Rc/ii)^ 7^ 0. Summarizing we get that 

/ii =±(|Im/j2|-Re/i2^^) . 

I Im /12I 

Similarly, we get the case 

Im hi , 



/i2 — ±(| Im/iil — Rc/ii" 



Ini hi I ' 

when (Reft,2)^ — \ Imft-ip 7^ 0. In the case Im/i2 7^ {i.e. Rehi 7^ 0), the first and 
fourth equations of the system imply 

=F Re /127— — ^ X Im/i3 + Re ft,2 Im/i4 + Re h^ Imft,2 = (2.19) 
I Im /i2 1 

Re /i2 Re /14 - Im /i2 • Im /14 = (2.20) 

Im /13 X Im ft,2 ± I Im /12 1 Im /14 =F Re /14 Re /12 /"^^^ . =0 (2.21) 

I Im /i2 1 

|Im/i2|Re/i4 + Re/i2T^^^^^-^ • Im/14 (2.22) 
I Im /i2 1 

It is easy to see that (j2.20p and ()2.22p are equivalent to Re/14 = Imft,2 • Im/14 — 0. 
Equations (|2.19p . p.2ip are reduced then to 

=F Re ft.2 1 -7 X Im /i3 + Re /i2 Im h^ = 

I Im /i2 1 

Im /i3 X Im /i2 ± I Im /12 1 Im ^14 = 
which are equivalent to Imft,4 — ± iSj^^MEjiia , xhe lemma is thus proved. □ 

Lemma 2.22. There are three types of solutions of the following system 

'[hi,h3]-{h2,h4}^0 
hl^hl 

_{/ll,/l4} + [/l3,M =0 

where hi G H for i = 1, ...,4. They are given by 
1) The zero charge solution hi = h2 = 0, 
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2) The family 

Ini/ii X Im/13 



Rehi 



when Re hi ^ 0, 
3) The family 



h2{hi^±) — ±hi , Re /14 = , Im ^4_L Im /ii , Im /13 G R • Im /ii 

when Im /ii 7^ and Re /ii = 0. 

Proof. Suppose Kehi 7^ (the other case Re /12 ^ is analogous). The second and 
third equations of the system imply that Imhi and Im/12 are linearly dependent. 
More precisely, 

Re /ii Im /ii - Re /i2 Im /i2 = (2.23) 
Using (|2.23p . the second equation of the system implies that 

(l-7?^)|I^'^2p-(ReM'-(Re/ii)2 . 
(Re hi)'' 

Since the two sides have different signs, it follows that (Re/12)^ = (Reft-i)^. Equa- 
tion (|2.23p finally implies that 

hi = ±/i2 (2.24) 

Suppose Re/ii = Re/12 = 0. The second and third equations of the system im- 
ply that Im hi and Im /i2 are linearly dependent vectors that lie on the same 2- 
dimensional sphere. Equation (|2.24p then holds. The first and fourth equations of 
the system are given by 

[hi,h3] = +{hi,h4} if hi = +h2 (2.25) 

[hi,h3] = -{hi,h^} if hi = -h2 (2.26) 

Here only the case (|2.25p is studied (the other case is analogous). Since hi ^ 0, 
equation (|2.25[) is re-written as 

K^qihi=q2 (2.27) 

where qi :~ h^ + h^ and q2 := /i3 — /i4 are two conjugate quaternions. Lemma l2.20l 
implies that 

Re hi — , Im h^l. Im h^ 

and then equation (j2.27p reduces to /ii(Imft,3 — Imh/i) — (Im/13 + Im/i4)/ii, i.e. 

Im/ii_LIm/i4 , Re /ii Im /i4 = Im /ii X Im /13 . 

The solution of this equation depends on Re(/ii) as follows 

Re/ii7^0 , Im/14 = +is^i^if^ or 

Re hi = , Im /i3 G M • Im hi , Im /i4_L Im hi 

The lemma is thus proved. □ 
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3. SUPERIZATION OF THE HEISENBERG ALGEBRA 



This section gives some results about superizations of the Heisenberg algebra, 
both in the zero charge and in the non-zero charge case. In the first case we 
focus mainly on superizations such that the action of E on S is upper triangular 
and [S, S] C Rp. This is due to the fact that these conditions are satisfied for 
all zero charge superizations of the CW algebra with translational supersymmetry 
(see Lemma ri. 91 and Proposition [13]) ■ In the second case, we restrict ourselves to 
dimS = 8. 

The following lemma describes the form of _E* -invariant symmetric bilinear forms 
on the spin module S = S- + S+ . According to (jl.8[) any symmetric bilinear form 



r e Bil r(5') can be written as T = T + T 



-+ 



where 



r__ -.S-WS-^R (3.1) 

r_+ :S-®S+^R (3.2) 

r++ : S+\/ S+^R (3.3) 
are defined by restrictions. Recall that S'lp is linear isomorphic to S'o^n-i- 

Lemma 3.1. Let T G Bil r(5) be a symmetric bilinear form on the spin module S 
satisfying 



n 



e ■ Qh 




r( 



Q- 
Q+ 



Then r__ = 0, r_+ e BilR(S'o,„-i)" 
bilinear form on 5*0, n-i. 

Proof. Choosing Q_ — 



e • Q+ 


^ and T- 



) = yee E 

+ is an arbitrary symmetric 



Q+, it follows that 



r( 

i.e. r = 0. Choosing Q_ = 

= r( 



e • Qh 




Q- 





= Q_, it follows that 



e•g^ 






Q+ 



) + r( 





Q+ 







e • Q+ 






Q+ 



e•g^ 






Q+ 



) 



+ r(( 

i.e. r |_(e • (5+, (5+) = — r |_(e • (5+, Q+). It follows that 

r_+(eiej • Q+,Q+) = -r_+(ei • Q+, Cj ■ Q+) = T^+ieje^ej ■ Q+, Cj 

-T^+{ejej ■ Q+,e^ej ■ Q+) = -r_+(Q+,e,ej • Q+) 

for every 1 < i < j < n—1, i.e. T |_ is an 5o(0,n— l)-invariant form. We calculate 

the invariants. Decompose F |_ into a direct sum 



of admissible forms r'^_^_ with invariants {T{k), a{k)) and get that 

■ Q+,Q+) = 
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-r(e • Q+, Q+) = -Yl r^+(e • Q+,Q+) 

k 

for every Q^, € S'o.n-i- The lemma is thus proved. □ 
3.1. Zero charge superization. 

We consider zero charge superizations, of the Heisenberg algebra [)eiSf, = 

E* + E + Mp, 

such that the action of i? on S" is upper triangular and [S, S] C Mp, i.e. 

[Q,Q] =p(Q,Q)p (3.5) 

where e G E and G S. Here p e Bil [{(S") is a symmetric (jeis^-invariant 

bilinear form on S. The following proposition holds. 

Proposition 3.2. IfdimE — n—l, every zero charge superization oj the Heisenberg 
algebra fjeiB;, — E* + E -\- Mp satisfying {3.4-^ and \3.5]) is uniquely determined by 

pi2 e HomR(i;, EndR(S'o,„-i)) , p_+ G Bil r(S'o,„_i)'^'^=~^ , p++ £ Bil [{(S'o.n-i) 

where p+-\- is a symmetric bilinear form on S'o.n-i such that 

P-+(/0i2(e)-, ■) e Bil r(So,„-i) 

is skew- symmetric for every e Cz E. 

Proof. This is a direct consequence of Lemma l3.1l and the condition of i?-invariance 
for the bracket (^3)1 . □ 

The interested reader can construct plenty of examples of zero charge superiza- 
tions of the Heisenberg algebra. To make the paper easier to read, we do not pursue 
this point but, for the sake of completness, we give one example. Consider the case 
n - 1 = 2 (mod 8). 

Proposition 3.3. If n — 1 = 2 (mod 8), every zero charge superization of Heisen- 
berg algebras [)eis^ = E* + E -\- Mp with [S', S] = Mp is such that 

p = p I- = , P++ 7^ , pi2 suitable 

and 

pii = or Hom (E, JM) 3 pn ^ , p++ G Bil r(S'o,„-i)"' 

where Bil [{(S'o.n-i)"^ is the space of J -hermitian bilinear form on S'o.n-i- 

Proof. Lemma l3.ll implies that p = p |- = 0. Indeed all the admissible forms 

on S'o.n-i have invariants (r, cr) such that ra = 1 (see [Ij). Write the condition of 
i?-invariance of the bracket p.Sp as: 

P++(pTT(e)<3+,Q+) +P++(<3+,pTr(e)<3+) = ■ 
Denote by pn := + p^'i the decompostion of pn G Hom R(£',Co,n-i) in real and 
imaginary parts of Co,n-i ^ C = M + JM. It is easy to prove that 

• If pii = then there are no costraints on p++, 

. If pK ^ = p^^ then P++ = 0, 
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• If p^i — ^ p^i then P+-I- must be J— hermitian, 

• If pfi ^ 0, pfi 7^ then P++ = 0. 
The proposition is thus proved. □ 

3.2. Non-zero charge superization. 



Theorem 12.151 implies that there exist superizations of the Heisenberg algebra 
()eiS(,, with non-zero charge representation, only when the so(0, n— l)-module 5*0, n-i 
is not irreducible. In " low dimension" , this happens when dim E = n—1 = 4,6,7,8. 
We study the last case i.e. E = M°'*. By Theorem I2.16[ we need to determine 
which linear maps 

pi2 :M°'«^EndR(5o,8) (3.6) 
are (pn, p22)-suitable. In this case, the condition does not depend on the choice of 
the pair (pn, P22), i-e. on /13 g Hom R(i?,]R) and /ii S R — {0}. Therefore we can 
speak of suitable maps. Let E € Cq.s be the para-complex structure described in 
Theorem 12.161 (unluckily this has the same notation of the Euclidean space E but 
there should be no danger of confusion) and let 

'S'0,8 = 'S'0^8 ® "^0,8 (3-''') 

be the decomposition of the spin module S'0,8 into the ±l-eigenspaces of E, i.e. the 
decomposition ()1.5|) of S'0,8 into (inequivalent) semi-spin modules. Since t{E) — —1, 
Clifford multiplication by a vector e € E interchanges the two eigenspaces and 
recall that S^g is a self-dual module i.e. Sq^ = (S'^g)* as so(0, 8)-modules. The 
decomposition (|1.8p of the spin module S = Si. 9 in Lorentzian signature into spin 
modules in Euclidean signature 



S — S— + S+ — So, 8 + So. 8 3 
is then further refined to 

S = (S-l + S'Z) + (S+ + S'+) 3 



Q- 
Q+ 



Qt 
Qt 
\Q+J 



where the upper sign refers to p.7p . Recall that the supervector space 

f)ei0b + S ={E* + E + Rp) + {So,s + ^o.s) 

becomes a superization of the Heisenberg algebra, with non-zero charge represen- 
tation, when the action of the even part f}eiSt on the odd part S is given by 

p(e^) = V2('0 ^^^"l , pip)^2V2hJ^ 



J ' '^^^^ ^ ^ \ 

/ N 1 //13(e) Id -2/iie o 7r~ 2/9i2(e) 
^^'''~2\ /13(e) Id +2/iieo7r+ 

where tt^ :— i(Id±£') denotes projection on the semi-spin module S^g. The case 
with opposite sign is completely analogous. In order to solve the condition of 
suitability, we need to fix the notations. The irreducible so{E) = so(0,8) modules 
are denoted as in [T^: for example 

R{7:i):=A'E , Rin2) -.^ A^E , i?(7r3) Sg+g , i?(^4) := So^g 
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are the irreducible representations associated with the nodes of the Dynkin diagram 



and more generally i?(A) is the irreducible module of so{E) with highest weight A 
(with the exception of i?(7r4) := A'^E which is reducible). In the notation of |18j 

i?(7rp) := APE 

for every 1 < p < 8 and in particular 

A^E = R{th) = i?(27r3) e R{2tt4) = A^E AiS 

is the decomposition of A^E into self-dual and anti self-dual forms. The main 
theorem of this subsection is the following. 

Theorem 3.4. // dimE' = 8, non-zero charge superizations of the Heisenberg 
algebra \]d5^ — E* +i?-|-Rp with fixed /ii e M — {0} are in bijective correspondence 
with elements of the so(0, 8) -module 

R{tti) e i?(7ri) e R e -R(27ri) e i?(7ri + TTa) i?(^3) © © ^^(^2) © R{2tt4) . 

Every non-zero charge superization is odd-commutative. 

The proof of the theorem is accomplished through a careful analysis of all possible 
suitable maps p.6p and of all possible brackets between odd elements. Theorem l3.4l 
follows from the two propositions below and the remark that /13 G Hom r(£',K) = 
Rim). 

Proposition 3.5. The 5o{0, 8)-module which consists of suitable maps 113. 6\) is 
isomorphic to 

R{tti) ® M © i?(27ri) © i?(7ri -|- TTa) © i?(^3) © R{tti) © R{tt2) © R{2tt4) . 

Proof. Here we denote by 5 = 5o.8 the spin module 6*0,8 in Euclidean signature. 
The condition of suitability for pi2 E E* ^ S* 1^ S can be translated to be in the 
kernel of the following three so(0, 8)-invariant linear maps: 

E*(E)S*(E)S — > A^E* (g) {S+y (g) S+ 

P12 — > 7r+ o (e A / ^ /012(e) o / • -pi2(/) o e • -e • opi2(/) / • opi2(e))|s+ (3.8) 

E*(g)S*(g)S — > A^E* ® [S+y (E) S~ 

P12 — > TT" o (e A / ^ /012(e) o / • -/9i2(/) o e-)|s+ (3.9) 

E*(S)S*(g)S — > A^E* (g) [s-y ® s+ 

Pi2 — * o {eA f ^ e - opi2(/) - / • opi2{e))\s_ (3.10) 
From ^5] we know that 

Clo,8 = S* (g)S^AE , S+(E)S- ^E® A^E , S+(g)S+'^R® A^E © AXe 
from which 

E* ® S* ® S E* ® AE 
A^E* (g) (S+y (g>S+ A^E* © (A^^;* ® A^E) © (A^^;* ® A%E) 
A^E* {S~y 5+ = {A^E* (E)E)® (A^E* (g) A^E) 
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and from the tables in [18^ it is possible to further decompose these modules into 
irreducible components. In the next pages we draw two diagrams which exploit 
the kernel of the first two maps. On the left hand side there are all the irreducible 
modules of the domain E* ® AE divided in eight blocks corresponding to the de- 
composition AE = X]^=i ^"^E. Similarly on the right for the codomain. According 
to the action of the map there are arrows which send a module on the left to the 
corresponding module on the right and the absence of arrows means that the mod- 
ule on the left is contained in the kernel of the map. We explicitly give a generator 
for all the irreducible modules of the domain: 

el e i?(7ri) C E* ®R 

Ci (g) ei H el (g) es e M. C E* (g) E 

(g) ei e i?(27ri) <Z E* g) E 
(g) 62 - 62 (g) ei e i?(7r2) C E* (g) E 

62 (g 6i A 62 H h eg (g 61 A 68 e i?(7ri) C E* (g) A^E 

61 (g 62 A 63 e i?(7ri + 7r2) Q E* g) A^E 
6^ g) 62 A 63 + 63 «) 61 A 62 -I- 62 «) 63 A 61 e i?(7r3) (ZE* (g A^E 

63 (g 61 A 62 A 63 H h 6g (g 61 A 62 A 68 e R{tt2) Q E* g) A^E 

6^ g) 62 A 63 A 64 e i?(7ri + 7r3) C E* g> A^E 
61 (g 62 A 63 A 64 + • • +64 (g 61 A 62 A 63+ 
±65 66 A 67 A 68 ± • • ±68 65 A 66 A 67 A 68 e A\E C E* g) A^ E 
6^ g) 62 A 63 A 64 A 65 -I- ••• -I- 62 g) 63 A 64 A 65 A 61 € -R(7r5) C E* g) A^E 
64 (g 61 A 62 A 63 A 64 -I- ••• -I- 68 g) 61 A 62 A 63 A 68 e -R(7r3) ^ E* (g A^E 
61 (g 62 A 63 A 64 A 65 e i?(7ri + 714) (ZE*g) A^E 
and the ones of the remaining irreducible submodules of E* g) AE = E* ^ Clo,8 
are obtained through " Poincare duality" , i. e. through the equivariant isomorphism 
E* g) Clo,8 ^ £■* <g Clo,8 given by 6* (g e ^ 6* (g ecjg.s for every c E Clo,8- The 
first diagram shows the kernel of the first map: notice that there is an irreducible 
module which comes from a diagonal embedding in the domain given by 

R{n2) — > R{-K2) ® R{'r^2) ^ E* g) {A^E ® A'^ E) 

The two generators of these two copies of R{'K2) map to the same generator of 
R{t^2) C A^E* (g A^E and this shows how to construct the embedding. From the 
second diagram we see that this module is in the kernel of the second map and, by 
direct calculation, also of the third map. This module is then made up of suitable 
morphisms. Then we study the second map and we define diagonal embeddings as 
before when needed. Similar considerations and an explicit calculation of the image 
of the various generators imply the result of the proposition. More explicitly the 
module of suitable morphisms is made up of 

R{-r^i) QE* g) (A^EqA^E) 
R® i?(27ri) CE*g)E 
R{-Ki + TT2) © R{Tr?,) © R{t^i) QE* g) {A^E e A^E) 
R{t:2) CE* g) (A^E^A'^E) 
R{2'Ki) 'ZE*g) A^E 

□ 
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Diagram of the map ()3.8p : 
i?(vri) 



i?(27ri) 
i?(7r2) - 



i?(7r2) 



R{tTi + TT2) 



R{tTi + 712 
i?(*3) 



i?(27ri) 



R{-Kl + TTa) 




R{-Kl + TTs) 
R{^2) 

i?(27r3) 
i?(27r3 + 7r2) 



i?(vri) 
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Diagram of the map ()3.9 



i?(27ri) 

i?(7ri + TTs) 

R{tti + its) 

R{7^3) 

R{ni + 7r4) 




i?(7ri + 7T3) 
i?(^2) 
i?(27r3) 
i?(27r4) 

i?(7ri + 7r2) 



i?(27ri) 

-R(^2) 

-R(^i) 
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To complete the analysis of all possible non-zero charge superizations of the Heisen- 
berg algebra in dimension dim E = n — 1 = 8 we need to examine all possible 
brackets between odd elements. In this case we have the following proposition. 

Proposition 3.6. If dim E = n — 1 = 8, every non-zero charge superization of the 
Heisenberg algebra [)eiS(, = E* + E + Rp is odd commutative. 

Proof. The bracket between two odd elements Q,Q G S is denoted by 

[Q,Q] ~p{Q,Q)pP + e,{Q,Q)e, + etiQ,Q)et (3.11) 

where p(-, •), ei{-, •), e^(-, •) G Bil r{S) are symmetric bilinear forms on S. Decom- 
pose every symmetric bilinear form on S into three parts (jS.ip . (|3.2p . (|3.3|) as before. 
The space Bil r(S'o,8)^°^°'^^ has an admissible basis (see [T]) given by the bihnear 
forms h and He ■= h{E-, •) whose invariants are given by 

(r,a,0(M = (+1,+1,+1) , (r, (7, 0(/iB) = (-l, +!,+!) 

The bilinear form h is a positively defined scalar product on 5*0,8 (see [16j ) satisfying 
the following property: 

h{eiS,ejs) — h{ejeiS,s) — —h{eiejS, s) = —h{ejS,eis) = ~h{eiS,ejs) = 

for every 1 < « < j < 8 and s,i e Sq^. We have to write the condition that the 
bracket (|3.1ip is ()eiS(,-invariant and that it satisfies the odd Jacobi identity 

[Q,[Q,Q]] = (3.12) 

The condition of i?*-invariance is equivalent to 

e.(Q,Q)^V2p(( ^-o'^O'l t + ^'-''^ 
= M \^^\{{ V f (3.14) 



y ' V Q+ / V Q . 

= e.(( - If'^ n'^^ ))=0 (3.15) 



y 'V Q+ / V Q+ / 'V 

for every 1 < i,j < 8. Equations p.l4p . (I3.15P and Lemma [3.11 implv that 

(e^)__ = (e,)— = 

and that (e^) |- and (e^) |- must be proportional to He '■= h{E-,-) G BilR(5'o,8). 

This assertion strongly depends on the fact that, when dimi? = 8, there is, up 
to scalar, only one admissible bilinear form on 5o,8 whose invariants are such that 
Tcr = ~1, namely He- Equations (j3.13p are equivalent to 

(e,)-+(Q-,0+) = V2p__(Q_,e,; • Q+) 

(eO++(Q+, Q+) - V2(p_+(e, • 0+, Q+) + p_ + (e, • Q+, Q+)) 

and it is easy to see that (e^) |- = p = 0. The condition of p-invariance is then 

equivalent to 

p_+(7r+g+, g+) + p-+(^+Q+, 0+) = 

(e^)_+(7r+g+, g+) + {el)-+{TT+Q+, Q+) = 
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and it is easy to sec that (e,^) i- = (recall again that He is, up to scalar, the only 

invariant form with invariants (r, a) such that tct = —1). The non- linear condition 
(|3.12p can then be translated into two equations 

^(e,)++(Q+, Q+){hz{ei) + 2/iie.7r+)Q+ = (3.16) 

i 

2(2V2/iip(0, Q)^+ + x/26,(e^)++(Q+, Q+)e,+ 

(e,)++(Q+,Q+)pi2(e,)) Q+ + (e,)++(/i3(e») - 2e,^~) Q_ = (3.17) 
The first equation can be split according to (|3.7p : 

= Y.^e,)++{Q+,Q+)h^{e,)QX e (3.18) 

i 

= ^(e,)++(Q+, Q+)/i3(e.)Q; + 5](e,)++(0+, Q+)2/jie,Q+ = G S^^^ (3.19) 

Taking the scalar product of (|3.18p with we get that 

^ = Y.^ei)++[Q+,Q+)h^[e,) 

i 

and then, taking the scalar product of (|3.19p with CjQ^ for a fixed 1 < j < n — 1, 
we get that 

- ^(e,)++(Q+, 0+)2/ii/i(e,Qi, e^gj) = {e,)++{Q+,Q+)2hM^iQX^ e,Q+) 

which is equivalent to (ej)++ = 0. Summarizing we get that 

(e.)- = - (e«)++ - (e^)- = (e^)-+ = P- - 

p_+(7r+Q+, g+) + p_+(7r+(3+, 0+) = = p-+(e, • Q+, Q+) + P-+(e, • Q+,Q+) 

(2/iip(g, Q)7r+ + 6,(e,^)++(Q+, Q+)e,) g+ = 
In particular, setting (5_ = 0, last equation implies that 

(2/iip++(Q+, Q+)^+ + 6,(e,^)++(Q+, Q+)e») Q+ = 

and this equation can be split according to (j3.7|) . The term belonging to Sq^ is 
given by 

6,(e^)++(Q+,0+)e,.g+=0 

and taking the scalar product of it with e^Q^, for a fixed 1 < i < — 1, we get 
that 

- fe,(e^)++(g+,Q+)/^(e, • Q+,e,Q+) = b,{e}'^)++{Q+,Q+)h{e, ■ g+,e,Q+) 

from which (e^)+-|_ = 0. Taking into account the obtained results, equation (|3.17p 
implies that p = 0. The proposition is thus proved. □ 

There was no need to consider the condition of i5-invariance for the bracket 
between odd elements. An important ingredient of the proof was indeed the fact 
that there is only one, up to scalar, admissible bilinear form on 5*0.8 whose invariants 
are such that rcr = —1. This implies that [S, S] C E* +Rp and drastically simplifies 
the equations. 
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4. Spin representation of the Cahen-Wallach algebra 

This section considers extension of spin representations of the Heisenberg algebra 
()eiS(, = E* + E + Kp to representations 

p:0b^ gl^iS) (4.1) 

of the CW algebra 

9b = {E* +E + Rp) + Rq = [}eist + Rq 

defined by the symmetric endomorphism B G End r {E) . To this end we specify 
the image 

qii qi2 
q2i q22 

of the extra element q G flh with respect to the decomposition ()1.8p . Firstly Lem- 
mas 14.11 14.41 give some necessary conditions so that a spin representation of the 
Heisenberg algebra can be extended to a representation of the CW algebra. In the 
zero charge case, Theorem 14.31 shows that spin representations (j4.ip are determined 
by solutions of a quadratic equation in the Clifford algebra Clo,n-i- The complete 
understanding of this equation is far from being reached. 

4.1. Zero charge representation. 

Lemma 4.1. For any zero charge spin representation of a CW algebra the endo- 
morphisms q2i S End M(S'o,n-i) and pu G Hom K(£^,Co,n-i) are zero and 

pi2(e) = V2(e • o - qii o e-) (4.2) 

Proof. By Theorem l2.31 any suitable pair defines a zero charge representation (|2.10p 
of f)eis. For every a G E, equation [e-,q] — biCi imphes that 

\/2ei \ / qii qi2 \ _f qii qi2 W ^/2ei \ /Oii(ei) Pi2{ei) 

M q2l q22 / I q2l q22 M ) \ pTr(eO 



V2 



I.e. 

o q2i • o q22 - qii o Ci- \ ^ / Pii(ei) pi2{ei) 
-q2i oci- ) ~ \ pTr(ei) 

This equation is equivalent to 

\/2q2i = Ci- o pii(ej) = -pTT(ei) o • 
Pi2{ei) = V2{ei • o q22 - qn o ev) 

and then 

%/2q2i = • o pii{e.i) = pTr(ei) o e,;- = 
from which pn = and q2i =0. □ 

The following main theorem describe all zero charge spin representations of a 
CW algebra in terms of triple of elements of the Clifford algebra Clo.n-i such that 
the first two satisfy the following quadratic equation. 

Definition 4.2. A pair (ci, C2) G (Clo,n-i)^ satisfy the quadratic Clifford equa- 
tion if 

i) {Lc,-Rc,fECE , ii) {Lc,-Rc,f\E = -B (4.3) 

where Lc G End r(C1o.„-i) and Rc G End a(Clo,„_i) are the operators of left and 
right multiplication by c G Clo,„-i. 
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Theorem 4.3. Let 

(ci,c2) e (Clo,„-i)^ 

he a solution of the quadratic Clifford equation and C3 € Clo,n-i- Every 

such a triple defines a zero charge spin representation of a (n+1) -dimensional CW 
algebra 

8b = i) + m = E* + {E + mp + mq) 

given by 

Every zero charge spin representation is defined by such a triple and two triples 
define the same representation if they differ by elements of the kernel ( if it exists ) 
of the Euclidean spin representation po,n-i ■ Clo,n-i End R(5'o,n-i). 

Proof. Lemma |4. II and equation [q, e] = imply that 

qn o pMe) ^ pMe) o q^^ ^ ^ ^ |^ Be ^ ^^^^^ 

and substituting equation (|4.2p into (|4.4p we get the following quadratic condition 

qn o e • o q22 - (qii)^ o e • -e • o ((722)^ + qn o e • o q22 = Be • 

This reduces to equation (|4.3p if we remark that any zero charge spin representation 
(|4.ip of a CW algebra satisfies, by assumption, p(Tn) C Pspin(Cl(m)). The theorem 
is thus proved. □ 

Note that the quadratic Clifford equation makes sense in every Clifford algebra. 
If the symmetric endomorphism B e End r(-E) is not specified, the second condi- 
tion of (|4.3p is equivalent to the condition that the endomorphism {L^ — Rc2)^\e 
is diagonalizable. Indeed equation (j4.3p is invariant under the adjoint action of the 
Spin group on the Clifford algebra. 

We do not discuss the general solution of (|4.3p . which looks very complicated, but 
only consider three simple types of solutions. 

Linear solutions: This means that the pair (ci,C2) G (Clo,n-i)^ satisfies 
(Lci — Rc2)E C E. For example, choose 

ci = ri Id+siWo,n-i , C2 = r2 Id-sicjo,«-i 
where ri 7^ r2 are two real numbers. 

Half-zero solutions: The name is self-explanatory. For example, choose 
ci — and C2 to be, up to a positive scalar, any involution or complex structure. 
In general these solutions are not linear. 

Supergravity solutions: These are solutions which consist of proportional 
decomposable elements of the Clifford algebra, i.e. 

ci = rid , C2 = r2ei 

where ri ^ ±r2 are two real numbers and e/ = e^^ • • • Ci^^^ e Clo.n-i is the 
decomposable form of degree |/| determined by the multi-index / = [ii, In 
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general these solutions are not linear. 



The last type of solutions is the most interesting one. Solutions of this type 
appear in ll-dimensional supergravity (see 9J), hence the name. 
One can easily check that linear and half-zero solutions correspond to a scalar 
endomorphism B € EndR(iJ), while supergravity solutions correspond to an 
endomorphism with two different eigenvalues. This could be an indication that 
the quadratic Clifford equation is solvable only for some symmetric matrix B. It 
would be very interesting to have a deeper understanding of (|4.3p . 

4.2. Non-zero charge representation. 

This subsection considers the case when the representation of the CW alge- 
bra has non-zero charge. This can happen only when semi-spinors exist, i.e. when 
dimi? = n — 1 = 0,4,6, 7 (mod 8). We first prove some general results and then 
specialize ourselves to the case dim£^ = n — 1 = 8. In this case, the theorem 
14.51 proves that spin representations of the CW algebra Qb exist only when the 
symmetric endomorphism B is scalar. We describe a solution and we then check 
that the obtained formula gives solution in any dimension. 

4.2.1. General case. 



Assume that the homomorphisms pii,/Oi2,P22 G Hom «(_£, End ^(5*0,™-!)) give a 
non-zero charge spin representation of the Heisenberg algebra f)eis^ = E* +E + Rp. 
Recall that pn and P22 are described in terms of elements hi, h2, h^, (which are 
either elements of the even Schur algebra Cq „_]^ or linear maps from E to Co„_i) 
and that pi2 is a suitable map (see Theorems 12.161 12.171 12.181 12.19P . An extension 
of the representation 

p ■ f)eis6 ^ 0[k(S') (4.5) 
to a representation of a CW algebra ()4.1|) can be reduced to finding solutions 
qiij qi2, q2ij q22 G End R(S'o,n-i) to the following system of equations 

l'V2q2i =61-0 pii(ei) = -/922(ej) o a ■ 
\ Pi2(ei) = V2(ej • o - qn o e.r) 



(4.6) 



and 



v 



[qii,Pii(ei)] 
~Pi2{ei) o q2i 

q2i o Pii(ei) 
-P22(ei)o q2i 



qn o/Oi2(eO + qi2 °P22(ej) \ 
-pii{et)o qi2 - pi2(ei) o q22 



[q22,P22(ei)] 
+q2i o Pi2(ei) 



hV2 







(4.7) 



Lemma 4.4. Assume that a representation i4-5\ ) of the Heisenberg algebra admits 
an extension to a representation of the CW algebra. Then 

i) If n — 1 = {mod 8), then h^ G Hom r(£',Cq „_]^) is zero and 

2^^2i = -hi{lATE) , 

ii) If n — l = A {mod 8), then h^, hn G Hom r{E,Cq are zero and 

2V2q2i =-/ii(IdT-B) , 
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Hi) If n — 1 = 6 {mod 8), then hs, G Horn kC-EjCq „_i) are zero and 

2y2q2i = -hi + h2EI , 
iv) If n — 1 = 1 {mod 8), then h:^ G Horn ^{E,Cq is zero and 

2V2q2i = ±\h4\ - hiJ . 

Proof. Consider the first equation of system (j4.6p and the (2, l)-entry of the matrix 
(|4.7p . We prove the lemma only in the case n — 1 = 6 (mod 8), the other cases are 
similar. First equation of system (|4.6p implies that 

h3{e^)ld+hi{e,)EI = 

i.e. /i3 = /i4 = and then 2V2q2i = + h2EI. The equation corresponding to 
the (2, l)-entry of the matrix of (|4.7[) is satisfied. Indeed this entry is proportional 



to {h\ + h\)ei — 2[/ii, h2]eiEI, which is zero due to Lemma [2.211 □ 
Making use of Lemma [HH re- write the main equations (|4.6p and (|4.7p as 

/912(e) = V2(e • o q22 - qii o e-) (4.8) 

[qii,pii(e)] = pi2(e) o q2i (4.9) 

[q22, P22(e)] = -q2i o Pi2(e) (4-10) 

(qii o Pi2(e) - /012(e) o q22) + (qi2 o /322(e) - Pii(e) o qi2) = \/2Be (4.11) 

4.2.2. Case diniE' = n - 1 = 8. 



Let us restrict ourselves to the case dimE = n — 1 = 8. Theorem 12.161 and 
Lemma 14.41 show that non-zero charge spin representations of the Heisenberg 
algebra on the spin module 6*1^9 are given by 

where pi2 G Hom r(R"'®, End k(S'o,8)) is an element of the so(0, 8)-module which 
consists of suitable maps (see Proposition 13. 5p and -\/2q2i = —hin" (see Lemma 
KM- 

Theorem 4.5. A CW algebra Qb = t) + m = E* + {E + Rp + Rq) with dimE = 
n — 1 = 8 admits non-zero charge spin representations if and only if B = ±ld. In 
this case a representation is given by 
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Proof. Every endomorphism of the spin module 50,8 is decomposed according to 
(|3.7p . For example, qn is identified with a 2 x 2 matrix 

qii^ qif 



Pi2(e)++ Puiey 
yOi2(e)^+ Pi2(e)" 



qii 

and 

Pi2(e) 

for every e £ E = R^'^ . Equation (14. 9p implies that 

V2(qii o e • oTT^ — e • ovr^ o q^i) = Pi2(e) o vr" 
which is equivalent to 

o qii|s+ = qn^ , V2(qii|5+ o e • -e • OTT" o qiilg-) = pi2(e)|5- 
«.e. in matrix notation 

Equation (|4.10p implies that 

\/2(q22 o e • o7r+ - e • o7r+ o q22) = vr" o pi2(e) 
which is equivalent to 

7^"^ ° q22|s-qJr = , V2(q22" o e • -e • o q++) = pi2(e)"+ 
i.e. in matrix notation 

_ ^qj2+ 



q22 



Vq22 q22 



Vv 2(q22 o e • -e • o qjj^) 
Equation (|4.8p implies that (|4.13p coincides with 

^ /^e • ° q22^ - qn" o e • e • o q22" - q++ o e- 

ye • o q^2^ — q^^^ o e ■ 

In particular, from the off-diagonal entries, we get that 

2e • o q++ = (qj^f + q22"") o e- , 2qfi+ o e- = e • o(q~f + q^2~) 

It follows that the elements q^^, qj2^ belong to End r(5'^8)^'''"°'^'' they commute 
with the action of so(0, 8) on the so(0, 8)-irreducible module of real type Sq^. This 
implies that , q22^ are scalars satisfying 

2q+2+ = 2q++ = q^f + q22" G M 

The only non-trivial diagonal entry of (|4.13p implies that 

Pi2(e)++ = V2{e ■ o q22+ - q^^f o e-) 

Summarizing we get that 

n ' q22 — — h 

qii / Vq22 q22 



Pi2(e) = ^/2 f - ''"^ ° ' ■ ■ ) (4.14) 

\q22 o e • -e • o (1^^ ; ^ ' 
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where 2qJ^^ = q^^ + 122 ^ We solve equation (|4.11|1 . It involves the endomor- 
phisni 

qi2 — -+ 

Vqi2 qii 

and implies the stated restrictions on the symmetric operator B. An explicit cal- 
culation shows that (|4.11[) is then equivalent to 

V2(qrrq22" - (q^i+)') o e • +/iiqr2" o e- = V2Be\s+ (4.15) 

V^(qi"rq22" - qirqii"^)e • +hiqt2'e- = 
e ■ oV2(q^]+q22+ - qrf q22^) - e • o hiq^^^ (4.16) 
Evaluating equation (|4.15p on e,; for 1 < i < 8, we get that 

V2(qrf q22" - (q^i+)2) + /nqFa" = (4.17) 

Since the left-hand side of (|4.17p does not depend onl<i<n— 1, it follows that 
_B = ± Id (recall assumptions (|1.2p on B). Both terms of equation (|4.16[) are so(0, 8)- 
compatible linear maps between the two irreducible inequivalent so(0, 8)-modules 
Sq^. This implies that 

V2(qn" q2T - qn" qn+ ) + hiqtf=0 (4.18) 

V2(q++q22+ - qrr q22+) - hiq^+ = (4.19) 

Equations (|4.17p . ()4.18|) and (j4.19p define three linear maps qi2 , qi2" a-^d qr2'''- 
To complete the proof of the theorem, we only need to check that there exist 
appropriate , q^ , qn i q22^i q22~ such the action of i? on S* 



Pie) = 



-hieon Pi2(e) 
+hie o 7r+ 



is associated with a suitable map (|4.14p . The trival solution qn = q22 — works. 

□ 

Remark 4.6. One can check that 

i) Theorem 14.51 holds for any CW algebra with dimi? = 8 (mod 8), 

ii) Formula (|4.12p gives non-zero charge spin representation of a CW algebra 
06 whenever 6 = ±Id and semi-spinors exist. 

5. SUPERIZATION OF THE CAHEN-WALLACH ALGEBRA 

In the following theorem the triple (|5.ip is defined up to elements of the kernel 
of the spin representation po,n-i '■ CIq,™-! End K(S'o,n-i), if it exists. 

Theorem 5.1. Every zero charge superization with translational supersymmetry 

9 ^ 9o + 5t ^ 9b + S 

of a {n + 1)- dimensional CW algebra 

8b = i) + m = E* + {E + Rp + R(i) 

is uniquely determined by a solution 

(ci,C2) e (Clo,„-l)' (5.1) 
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of the quadratic Clifford equation by an element C3 £ Clo,n-i and by two 

bilinear forms 

P-+eBilu{So,n-iY^=-' , P++ e ^oVi V ^oVi (5-2) 
which satisfy the compatibility conditions (s,t £ So^n-i) 

p_+(c3S,i) + p_+(c3<, s) +p++(c2S,i) +p++(s,C2t) 

p_+(cis,t) +p_+(s,C2<) = . 
T/ie associated zero charge superization is given by 




[Q, Q] = (p++(Q+, Q+) + 2p_+(g_, Q+)) p 

where e £ E and *5=^q ^ £ S ~ S- + S+ = 5*0, n-i + <5'o,n-i 

Proof. The theorem is a straightforward consequence of Theorem 14. 3i Lemma 11.91 
and Lemma 13.11 We only need to remark that the compatibihty conditions are 
equivalent to q-invariance for the bracket of two odd elements and that q-invariance 
together with i?*-invariance imply i?-invariance. □ 
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